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Abstract 

We propose a complete Born-Infeld-like action for a bosonic 5-brane with a worldvol- 
ume chiral field in a background of gravitational and antisymmetric gauge fields of D = 11 
supergravity. When the five-brane couples to a three-rank antisymmetric gauge field, lo¬ 
cal symmetries of the five-brane require the addition to the action of an appropriate 
Wess-Zumino term. To preserve general coordinate and Lorentz invariance of the model 
we introduce a single auxiliary scalar field. The auxiliary field can be eliminated by gauge 
fixing a corresponding local symmetry at the price of the loss of manifest d = 6 worldvol- 
ume covariance. The double dimensional reduction of the five-brane model results in the 
Born-Infeld action with the Wess-Zumino term for a ZJ = 10 four-D-brane. 
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1 Introduction 


New types of supersymmetric p-branes have attracted recently a great deal of attention 
in the course of studying dualities in string theory. Among them are Dirichlet branes 
(or D-branes) i 01 and an M-theory hve-brane carrying in its worldvolume a 
self-dual (or chiral) two-form gauge field [Q . Complete ^-invariant actions for super-D- 
branes were constructed very recently in |p, while getting the action for the M-theory 
hve-brane remains a challenging problem. Its solution would allow to shed new light on 
the structure of D=ll M-theory itself. Equations of motion of a D=ll super-hve-brane 
in a superheld form were obtained in [Q by use of a doubly supersymmetric geometrical 
approach to describing extended objects §], while only partial results has been obtained 
about the structure of bosonic part of the super-hve-brane action ||, |^, |TI], |T^. The 
action should be of a higher order in the held strength of the chiral held. 

An obstacle to get such an action is caused by the presence of the second-rank an¬ 
tisymmetric gauge held whose held strength is self-dual in the free held limit. When 
one tries to incorporate the self-duality condition into an action a problem arises with 
preserving manifest Lorentz invariance of the model. This problem has a rather long his¬ 
tory and originates from the electric-magnetic duality and the Dirac monopole problem 
in Maxwell theory (see and references there in). Rather extensive literature has been 
devoted to the problem of Lorentz covariance of self-dual held models in 


m con¬ 


nection with their important role in multidimensional supergravity and string theory. A 
non-manifestly Lorentz covariant formulation of chiral boson actions has been developed 
n, As a generalization of this approach a d=6 Born-Infeld-like action for a 


m 


self-interacting chiral two-form was proposed in [^] as a base for the construction of the 
M-theory hve-brane action. The lack of manifest Lorentz invariance will result in the 
lack of manifest general coordinate invariance of the worldvolume of the hve-brane, which 
can substantially complicate the construction and study of the complete super-hve-brane 
action in such a formulation. Thus a covariant formulation which would reproduce the 
results of [1^1 in a noncovariant gauge is desirable. 

The purpose of the present article is to present such a formulation. We propose a d = 6 
worldvolume covariant action of a Born-Infeld type for a hve-brane with a chiral boson 
in its worldvolume. The action is a generalization of a Lorentz covariant formulation of 
duality symmetric and self-dual helds proposed in ||26|, |2^. In contrast to a covariant 
formulation of chiral bosons with inhnitely many auxiliary helds |0 


23, 


in our approach d = 6 covariance is achieved by introducing a single auxiliary scalar held 
entering the action in a nonpolynomial way [^, 0. The auxiliary held ensures not 

only worldvolume covariance but also that all the constraints of the model are of the hrst 
class which is important for performing covariant quantization. Upon eliminating the 

^See ref. on a relation between the two approaches and ref. ||^ for the application of the approach 
with infinitely many fields to studying the duality of Born-Infeld actions. 
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auxiliary scalar field by a noncovariant gauge fixing of a local symmetry the action reduces 
(in the case of the flat worldvolume metric) to the non-manifestly Lorentz invariant action 
of 1^] describing a self-interacting second-rank chiral held. Since the bosonic p-branes 
can live in target space of any dimension higher than D = p + 1 we do not specify the 
dimension of the target space of the hve-brane at hand, but imply that D = 11 having 
in mined possible supersymmetric generalization of the model. 

We couple the hve-brane to antisymmetric gauge helds of D = 11 supergravity. A 
remarkable feature of the model is that when the hve-brane couples to a three-rank 
antisymmetric gauge held, local symmetries of the hve-brane require the addition to the 
action of an appropriate Wess-Zumino term. Upon the double dimensional reduction of 
the hve-brane worldvolume from d = 6 to d = 5 and target space from D = 11 to D = 10 
the hve-brane action reduces to the Born-Infeld action with a Wess-Zumino term for a 
Dirichlet four-brane. 


2 The action 


Consider a hve-brane described by the following action invariant under d = 6 general 
coordinate transformations: 


5 = d^x 




dma{x)F*"^^^FnipdPa{x) + \J - det(pm„ + iF^n) 


( 1 ) 


Adrad'^a 

where (m=0,l...,5) are local coordinates of the worldvolume, 

gmn{x) = dmX^[x)gMNdnX^[x) is a worldvolume metric induced by embedding into 
curved target space with the metric gMN^X) parametrized by coordinates (M,N=0,...,D- 
1); Frani = IS the held strength of an antisymmetric worldvolume 

gauge held Amnix)] g = det gmn] F*’'^"' is the dual held strength: 

1 


jp*lmn _ 


^Imnpqr jp 


and 

Fmn = 

^daf 

The scalar held a{x) ensures manifest d = 6 covariance of the model and is completely 
auxiliary, as we shall see below. 

Note that in spite of the presence of the imaginary unit inside the determinant in (]l|) 
the letter is real. This can be seen by rewriting the determinant as a polynomial in powers 
of F (as in |T^ ) 

del{gmn + iFran) = d(l + (2) 

Though the argument of the determinent is 6 x 6 matrix the polynomial in the r.h.s. of 
(H) stops at the 4-th power of F since (by construction) Fmn is degenerate and has rank 

4. 
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If in d^) we take the flat metric and insert the term instead of the square 

root the resulting action 

s = / - F„V) 9 >’a(x) 

^ - g(^8'”<-(F - F-)„„,(F - Fr‘'d,a]. (3) 

will describe a free self-dual held Amn with 


F 


mnl 


F* — n 


(4) 


see 


Tj\ for the details). 


The action (|lD is invariant under worldvolume diffeomorphisms and the following local 
t r ansformat ions: 

^Afnn (5) 

(which is the ordinary gauge symmetry of the massless antisymmetric helds), 


i^Amn = -dima(x)(pn](^), ^a(x) = 0 


( 6 ) 


and 


where 


Ad — 

^ -^mn. — 


ymn ^ _2 


5a{x) = (p(x), 

^{x 


2 ((9a) 


(F^npd^a - Vmn), 


(7) 


{day Sy-det{gpq + iFj 


PQJ 


V 9 SFfnn 

(The dehnition of V™'"' is chosen in such a way that in the free limit (^) it coincides with 

pmn ^ 

The transformations (P) will allow us to algebraically eliminate part of components of 
the chiral held Amn- The invariance of the action (® under (H) and (0) is obvious, and 
the variation of the action under the transformations (|^) is 


5S = / d^x- 


{da 


^ {Frnnpd^a - V™„)h(F”^") + 


{day 


= 0 , ( 8 ) 


where the variation of F™'"' includes the variation of Amn and a{x) with the parameter 
(p{x) (^. The proof that (H) is zero (up to a total derivative) can be performed along the 
same lines as in 0, where a non-covariant action for a self-interatcting chiral held was 
demonstrated to possess a modihed non-manifest Lorentz invariance. 

The equations of motion of Amni which follow from (|^ are 

dp a 
' {da 


^lmnp,rg^^{p^^sd^a - Vqr) = 0 . 


(9) 
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An appropriate gauge fixing of transformations 
solution of d^) to the form 


allows one 


^ to reduce the general 


Fqrsd^a 


Vqr = 0 


( 10 ) 

to the case of the self-interacting 


which is a generalization of the self-duality condition 
field 

As in the free field case |^, the equation of motion of a(x) turns out to be a 
consequence of and, hence, is not a new field equation. This permits, without losing 
information on the dynamics of the model, to eliminate a{x) directly from the action by 
gauge fixing transformations (0)B- However, the price for such a gauge fixing is the loss 
of worldvolume general coordinate invariance, or Lorentz invariance of the model in the 
fiat limit. For instance, in the case of the fiat d = 6 metric by putting 

d,na{x) = ( 11 ) 


to be the unit vector along the fifth spatial direction of the worldvolume we reproduce 
the action and equations of motion of a self-interacting chiral field Amn constructed in 
Note that in the gauge ([TlD we can also completely eliminate the components Amb 


12 


of the gauge field by use of the algebraic local transformations (||): 


Am5 = 0. (12) 

Then the modified Lorentz transformations of remaining components Aa^ (a, (3 = 0,1,..., 4) 
of Ref. arise in our approach as a combination (which preserves the gauge fixing con¬ 
dition (pT|)) of the standard Lorentz transformations with parameters Amn = —Anm and 
the transformation (^ : 

5{dma{x)) = A^dntt + x^A^dn^d^a) + dm^{x) = A^ + d^ipi^x) = 0. (13) 

From (P!3| ) it follows that to preserve (0) the parameter 4>{x) of (|^ must be of the form: 

0(x) = -x^A^ = -x-A^. (14) 


Substituting ([TT|) and ([T^ ) into (|^) and combining it with the Lorentz transformation 
mixing a = (0,1,...,4) directions with the 5 direction we get for Aa^ (in the gauge 
Amb = 0): 

dAo^p = {x^ A^)d^Ao,ii - x^{A^d^)Ao,^ - a:"Aj‘((95A„^ - 


= {x^A^^)-V^p - x\A^^d'y)A^0, 


which are exactly the modified Lorentz transformations of Ref. [|^ 


( 16 ) 

They coincide with 

ordinary Lorentz transformations on the mass shell (TO). Thus, though upon imposing 
the gauge fixing condition (^) the generalized self-duality condition loses the manifestly 
Lorentz covariant form, it is nevertheless invariant under the Lorentz transformations 


m _ 

®Note that the gauge dmO-d'^a = 0 (such as, for instance, a = const) is inadmissible because of the 
presence of (9a)^ in the denominator of Eq. This would lead to a singularity of the action. 
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3 Coupling to D=ll antisymmetric gauge fields 


Consider now the propagation of the hve-brane in a backgronnd of antisymmetric gange 
fields of D=ll supergravity. These are a three-rank field C^mn{^) its dual six- 
rank held Cimnpqr{X) The coupling requires the replacement of the held strength 

Fimn{x) with 

Hlmn = Firan “ C\^n ( 16 ) 

and adding to the action (|^) a Wess-Zumino term |]^. The resulting action becomes 

1 


5 = dx^ 


d€t(^(jm,n T T y/ 'q 




idrttd^a 


C7(6) + a 

2 


(17) 


where in (pT]) and (p!7[) the forms and are pullbacks into d = 6 worldvolume of 
the corresponding D = 11 forms. The last two terms of (p!7|) form the Wess-Zumino term. 
The coefficient in front of the last term in (p!7[) is singled out by the requirement that the 
action (pT|) remains invariant under the transformations (|^) and (^, where in the latter F 
is replaced with H (|16|) . The transformations of the last term in (pT|) compensate part of 
the transformations of the second {H*H) term while the remaining ones are canceled by 
the corresponding transformations of the Born-Infeld-like part of the action (like in the 
absence of the background helds). Thus the Wess-Zumino term is required to preserve 
local symmetries of the action when the hve-brane couples to the antisymmetric helds. 

Since (7^^^ and (7^®^ are D = 11 gauge helds transformed as 


iSCW(X) = 2dx(X], (5C<“I(X) = -dx(X) A 


(18) 


for the action (PT|) to be invariant under (p!8|) the chiral held Amn must transform as: 

5A{x) = x{X{x)). 

This completes the construction of the action for the bosonic 5-brane propagating in 
the gravitational and gauge held background of 11-dimensional supergravity. 


4 Reduction to a four—D—brane in D=10 


Let us perform a double dimensional reduction of the action (pT[) to a four-brane 
propagating in a D=10 background. This procedure consists in wrapping x® dimension of 
the hve-brane around and requiring that all the helds of the reduced model do not 
depend on x® and Below we shall consider a simplihed variant of the dimensional 
reduction by putting to zero dilaton and vector held which arise from components of the 
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dimensionally reduced metrics and postpone a complete and more systematic analysis to 
more detailed future paper. 

To carry out the dimensional reduction we first put the gauge conditions (^) and 
(|T^), split the d = 6 indices into d = 5 and the 5-th ones and drop the index 5. Thus 
instead of the original three- and six-rank helds we have: 


Flmn ^ {Fa/3'r, Faf}), (19) 

C'Z ^ (Cgr cS), Cl«> ^ ( 20 ) 

Note that because of the independence of and by virtue of (|^ the held strength F^fs 
in ( [T^) is zero, and only the held live in the d = 5 worldvolume. 

In terms of (0) and (PPP the reduced action takes the form 


5 



det(5fQ,/3 -t- iH^p) + 






af} 




'^aP'ySa ' 24 


( 2 ) 

Sa 


( 21 ) 


where = 


We see that the second term of (^) became of the Wess-Zumino type in (pi]) and 


contributes to the Wess-Zumino term, the resulting action being of the form: 


S = 




dx^^J- det{go,f3 + + 


^(5) j_p ^(2) _ ^(2) 


k2) 


( 22 ) 


The action (^^ is a dual form of the action for a four-D-brane It can be rewritten 
in the conventional Born-Infeld form involving the held strength Fap of a vector held 


by performing a dualization procedure inverse to that described in |^, so we shall not 


( 2 ) 


discuss this point in detail but just note that formally it consists in replacing Fajs^y, 


(s) 

and with their duals: 


iF: 


aP 


F 


aP 


iC. 


( 3 )* 

aP 


c. 


( 2 ) 

0/3 




( 2 ) 

0/3 


me: 


( 3 )* 


0/3 5 


and adjusting coefficients in an appropriate way required by the strict dualization proce¬ 
dure m- As a result we get 


S = I dxV-det(^„^-f(F-(7(2))„^) + 


^^ 5 ^ 0/3750 


^aP'iSa T W ^ JOip^'ySa n^aP^' 


(3) 


'>(2)/\(3) 


^0/3 '~^'ySa 


(23) 


The last term of (^) can be included into a redehned and then the Wess-Zumino 

term in (PB|) take a canonical formal form exp{F — -f 
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5 Conclusion 


We have constructed the complete Born-Infeld-like action for the bosonic 5-brane car¬ 
rying the worldvolume chiral field in a background of gravitational and antisymmetric 
gauge fields of D = 11 supergravity. To preserve general coordinate and Lorentz invari¬ 
ance of the model we introduced the single auxiliary scalar field. The auxiliary field can 
be eliminated by gauge hxing the corresponding local symmetry at the price of the loss 
of manifest space-time covariance. The double dimensional reduction of the five-brane 
model results in the Born-Infeld action for the D = 10 four-D-brane. 

The form of the covariant action (0) and its relation to the D-brane action allows 
one to hope that it can be generalized to describe embedding of hve-brane worldvolume 
into a superfield background of H = 11 supergravity. In other words it should be possible 
to construct a d = 6 covariant /^-symmetric action for a super-hve-brane of M-theory 
analogous to that found for the super-D-branes 0, and which may have the form of ([T7|) 
with all background helds replaced with corresponding superhelds. It would be also of 
interest to compare the five-brane equations of motion obtained from such an action with 
covariant superfield equations for the M-theory hve-brane proposed in |^, in particular, 
to hnd out if there is an analog of the auxiliary scalar held being crucial for the covariance 
of our model. Other interesting problems are to relate by a dimensional reduction the M- 
theory hve-brane to a type IIA hve-brane and a heterotic hve-brane in ten dimensions. 
Work in these directions is in progress. 
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Note added. After this paper was sent to hep-th and submitted for publication the 
authors learned about an article by J. H. Schwarz where the chiral tensor held was 
coupled to d = 6 gravity in the noncovariant formulation. When the antisymmetric held 
background is switch oh and the auxiliary held is gauge hxed by Eq. o our model 


reduces to that of 33 
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